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Constant-Control Rolling Maneuver

Tiberiu Hacker
Institute for Fluid Mechanics and Aerospace Design, Bucharest, Rumania

Practical interest for supplementing stability analysis by domain-of-attraction considerations in studying
constant-control maneuvers is pointed out. Implications in cost of computing work of the free parameter choice
are estimated. A technique is presented for defining the entire safe range of maneuver in terms of regions of
allowable and actually attainable roll rate values and the corresponding aileron inputs. Gravity effects are
considered to define peak-value corrections of limits on the steady-state values of system variables and to
estimate the maximum allowable duration of a rolling maneuver. An illustration of how a Lyapunov function

provides estimate of the domain of attraction is given.

Nomenclature

g =gravity acceleration

I.1,,1, =mass moments of inertia about prin-
cipal axes

L[=U=1)/I,
i2 = (Iz —Ix)/l s
iy=(1,—1.)/I, =nondimensional inertia coefficients
! =rolling moment per I,

m = pitching moment per 7,

n =yaw moment per /,

ny,,n, =side and normal load factors

D,q.r =scalar components with respect to the
principal axes of the aircraft angular
velocity

t =time

u,u,w =components of V with respect to
principal axes

% =velocity of the aircraft center of mass

y =side force over aircraft mass and speed

z =aerodynamic force along z principal
axis over mass and speed

« =incidence

B =angle of sideslip

04,6,,6, =deflection angles of ailerons, ¢levator,
and rudder

e=g/V =specific small parameter

0 =elevation angle of the x principal axis

1) =angle of bank

Subscripts

a =maximum allowable absolute value

lim =not to exceed absolute value

p.q.r.e,8,&,6,,6, =partial derivatives due to respective
quantities [e.g., yz=0y/38, my=

dm /3 (da/dr) ]
s = steady-state value, effective or potential
1 =coefficient of ¢ in terms of first-order

approximation with respect to e

Introduction

S is known, ''? in certain aircraft rolling velocity may not
decay to zero after the aileron is centered if the aileron-
induced motion comes earlier in the neighborhood of a
stable® autorotational steady state. Then, with zero control
deflection, the airplane has a natural tendency to roll with a
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velocity that oscillates about the stable autorotational value of
the roll rate. It also is known that similar pathological
motions may be induced by constant controls that differ from
zero as well. Steady states corresponding to constant-control
inputs were investigated by Rhoads and Schuler# and, more
recently, by Schy and Hannah.? It has been shown that, with
the controls at hand, continuous variation of the (constant)
value of the control parameters does not necessarily lead to a
continuous variation of the resulting steady-state rolling
velocity. Thus, in the example computed in Ref. 5 for airplane
B, with §, =0 and §, =2 deg, no constant aileron deflection
can induce steady rolling with velocities ranging from about
80 to 200 deg/s. Moreover, the continuous variation of the
control input may result in a “‘jump’’ of the response and
cause unwanted, dangerous state excursions. In Ref. 5, a
procedure is developed for determining the ranges of
potentially critical values of the constant control parameters.
The obvious further step is to delimit those subintervals in
which the values of these parameters actually are inadmissible
or, at least, to to define the highest allowable control input
values. The present paper is, for the most part, concerned
with this subject.

The phenomena just mentioned are investigated by
neglecting weight effects on the response. Such an assumption
does not hold any longer when attitude or path-slope con-
siderations are becoming crucial.*® The effects of the gravity
terms are considered to estimate peak-value corrections of the
limits on the steady-state values of the system variables,
particularly the incidence and the sideslip, and to determine
some safe bound on the maneuver time.

Assumptions: Equations of Motion

Constant aileron input and aileron plus elevator input
maneuvers will be considered. The analysis is, however,
identical for any other constant-control combinations, in-
cluding, e.g., the rudder.

Aerodynamic nonlinearities will be disregarded. Con-
sideration of nonlinear acrodynamics involves no additional
difficulty as far as flight dynamics are concerned. Difficulties
are encountered only by the aerodynamicists concerned with
the estimate of higher-order derivatives.

A few further simplifying assumptions will be made. As
usual, we shall assume the c.g. velocity ¥ constant during the
entire motion considered. The angle between the x body axis
and the direction of the velocity V'is assumed small enough at
any instant to have u=V, and the lateral and normal velocity
components are sufficiently small for a=w/V and B=v/V.
Furthermore, the forces and moments acting on the aircraft
may be considered independent of the angle of yaw. Lateral
and normal forces and the pitching moment induced by
aileron deflection also are neglected.
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Under these assumptions, the significant equations of the
aircraft motion referred to the principal axes are

B =ygB—r+pa+ (g/V)sing cosd (1a)
& =z,a+q—pB+(g/V)cose cosb+z, (1b)

q =m o+mg+mr—mypB+i,pr

+ (g/V)mycos¢ cosd+ m, (19)
Fo=ngB+n,q+nr+n,p—i;pq+n, (1d)
p =lLB+l,q+lr+l,p—igr+l, (le)
¢ =p+q sing tanf +r cos¢ tand 1)
6 =gq cos¢—r sing (1g)

where

My =My +3Z,My, Hy=mg+m,, 2. =zée<§e,

me=m; 8, n.=n; 8, and [ = ls,0a

Except for the sections where gravity effects also are con-
sidered, attention is focused on the behavior of the dynamic
variables §8, «, g, r, and p, and accordingly only Egs. (1a-1e),
with the terms that have g/V as a factor suppressed, are
considered.

The flight régime at which the maneuver is initiated is
referred to as the initial state throughout. Specifically, it is
characterized by low or zero values of the variables of the
system [e.g., (0, t),0,0,0,0,cty), where oy = —€/z,, e=g/V].

Stability and Domain of Attraction

To study constant-control rolling maneuvers, the target roll
rate* or the aileron angle input® is optionally used in
literature as the free parameter, occasionally along with the
elevator and/or rudder input. In the author’s opinion both
choices are equivalent inasmuch as they involve the use of
similar though not equally costly techniques and, in effect,
yield indentical results. A comparative estimate of cost im-
plications will be considered briefly in the next section.

Whatever the choice of the free parameter, analysis would
start with seeking the stable singular points of system (la-le)
with € =0, corresponding to the given constant value of the
independent parameter. Singular points are obtained as
solutions of the system of nonlinear algebraic equations that
result when the time derivatives of the variables are set equal
to zero. The next step is to check whether the stable singular
points are attractive or not. That is to say, it is necessary to
establish which, if any, of the potential steady states actually
will take place.

A constant control effectively achieves a certain steady state
described by a stable singular point of system (la-le) with
€ =0 only if the initial state lies in the domain of attraction of
this steady state. It should be recalled that the domain of
attraction of a singular point is the set of all initial states that
eventually approach that point. When this is the case, the
steady state will be referred to as ‘‘effective attractor’’ or
‘“‘attractor’” (with respect to the given initial state). The at-
tractor is safe if none of the coordinates of the singular point
(incidence, sideslip, etc.) exceeds some given allowable
bound, and the applied control is safe if and only if it admits
of a safe attractor. This means that the input value is critical
when it admits either an attractor whose coordinates are in
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Fig. 1 Negative p, coordinates of singular points corresponding to
constant aileron inputs for §, =2 deg.
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Fig. 2 Time histories of roll rate and incidence responses to 15-deg
aileron angle and 2-deg elevator angle inputs.

some dangerous region (e.g., where high load factors are
involved) or no singular point that would attract trajectories
issuing from the region of interest of the state space. Ac-
cordingly, dangerous state excursions are implied by the
absence of an attractive safe singular point rather than by the
mere existence of stable singular points situated in some
critical region.

In Fig. 1, the curves referred to in Ref. 5 as pseudo-steady
state (PSS) solutions are plotted for our numerical example
(see Appendix A) for 8, =2 deg, with supplementary emphasis
on the attractiveness of the stable branches. Only negative p;
soluticns are plotted for simplicity. As can be seen, no
singular point is attractive for zero initial conditions (or for
any in the neighborhood of the origin) for aileron deflections
ranging from 10 to 26 deg. There is, however, a stable branch
in this interval, namely, that which becomes attractive further
on when the aileron angles exceed 26 deg. The time histories
for zero initial conditions of the roll rate and the incidence
responses to 15- and 30.76-deg aileron inputs are plotted in
Figs. 2 and 3. We have a stable singular point belonging to the
same branch of the PSS diagram for each of these input
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Fig.3 Same as Fig. 2, but §, = 30.76 deg.

values. The origin, however, lies in the domain of attraction
of the singular point with p, = —360 deg/s and o, =4.73 deg,
corresponding to §,=30.76 deg, and not in that of the
singular point with p,= —272 deg/s and «,=64.2 deg,
corresponding to 6, =15 deg. The input 6, =15 deg admits of
no singular point that attracts solutions issuing from the
neighborhood of the origin, although there exists a stable
singular point. It should be noted that the unstable
oscillations for 6,=15 deg cannot be ascribed to gravity
effects. These effects only cause the incidence amplitudes to
increase by up to 15% in the first 20 s.

Discussion of Free Parameter Choice

When roll rate is made the free parameter (along with 6,),
determination of the singular points involves the solution of a
second-degree equation and a set of four linear equations.
Accordingly, two aileron inputs and two singular points result
for each roll rate value. Only one of these is instrumental, as a
rule. The alternate solution is usually both unstable and
unnatural as regards magnitudes and/or signs (see
“Numerical Example,’’ point 3). ‘

When the aileron input is used as the independent
parameter (along with 8,), a ninth-degree equation and a set
of four linear equations must be solved. Nine sets of roots
result, several of which may be real and stable and have
realistic values. For instance, for §,=17 deg, 6, = —2 deg we
have two stable singular points with negative p,, namely,
p,=—176 deg/s (B,= —8.28 deg) and p,= —256 deg/s
(B,=20.3 deg); for 6,=21 deg, 6,=0, again we have two
stable singular points with negative p,, viz., p, = — 186 deg/s
(B, = —22.7deg) and p, = — 269 deg/s (8, = 18.7 deg), and so
on. See also the PSS curves in Ref. 5.

To define the safe range of aileron inputs or predict the
imminence of critical state excursions, a greater number of
singular points must be tested when the aileron input instead
of the target roll rate is made the free parameter. This affects
efficiency of the method, since testing is often a costly
process. The least burdensome way of testing is the direct
estimate of the domain of attraction of the stable singular
points. Unfortunately, however, no comprehensive working
technique is available for estimating the domain of attraction.
Lyapunov’s direct method can provide an estimate if an
appropriate Lyapunov function is found.”™® An illustration of
how a Lyapunov function provides an estimate is given in
Appendix B. A quadratic form connected with the linear
variational system is used as a Lyapunov function with a mere
illustrative purpose. It yields valid conclusions for small
aileron inputs. Any effort to establish a closer connection
between the particular form of the system including the
nonlinear terms and the way of constructing a specific
Lyapunov function, in order to obtain a better estimate, will
be welcome. When no effective technique is available for
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domain-of-attraction estimates, numerical integration is the
only alternative. An algorithm will be sketched further for
constant-control rolling maneuver analysis, with a view to
reducing computing work as far as possible by a parsimonious
preselection of singular points to be tested.

Definition of Safe Maneuver Range

The algorithm includes the following:

1) Flight conditions are chosen. A set of typical and/or
potentially critical flight conditions will be considered.

2) Target steady-state roll rates are chosen. Computations
are performed for parameter p, varying from zero up to that
corresponding to the airplane’s maximum ideal roll rate
capability [defined by the expression (/; //,) x full aileron
deflection ] by sufficiently small increments.

3) The four remaining coordinates of the related singular
points (B,,a,,q,r;) and the aileron deflection 8, are
determined. They are defined by

Vs Dy 0 -1 ar 8,
—D; 24 1 0 oy
—mgps My g m,+1iDs qs
ng 0 n,—izpg n, L s
0 0 0
0 Zs, 0
= -4, =0, —Ds (2a)
0 mg 0
M5y L U L7
LBy +l,q,+ 1 rs—ig,ry= ——[pps—léaé[, (2b)

B., o, ¢,, and r; are obtained as linear functions of 6, (and
the parameters p, and 6,) from Eqgs. (2a). Then Eq. (2b)
becomes a second-degree equation in §,. Two sets of values
for B,, o, g, s, and §, are obtained for some given values of
8, and p, (out of which only one turns to account, as a rule).

4) Each value is inspected to ascertain whether it is situated
in the admissible region. (For the definition of the admissible
region, see the following section.) If it is not and/or é,p, =0,
the process is discontinued for the given singular point.

5) If the values of 8, «,, g,, r,, and &, are acceptable, we
shall check whether the initial state lies in the domain of
attraction of the singular point. If no technique is available to
estimate the domain of attraction, the verification is done by
integrating system (1) for proper initial conditions over a long
enough (say 10-30 s) interval. If it results that the steady state
corresponding to singular point (83,, «,, g, I, p,) actually is
approached, then we go to the next point.

6) The aileron deflection §, is plotted against p;.

Effect of Gravity Terms

Correction for Admissible Bounds on the Steady-State Values
of Dynamic Variables

The technique just outlined requires the knowledge of some
safe bounds on the steady-state values of 8, «, g, r (see point
4). Now weight effect may induce rather large oscillatory
components of the response involving high peak values.
Therefore, corrections allowing for this effect should be
introduced. To this end, the solution of Egs. (1) is sought in
the form ¢

B=BS+EBIJ (X:O[S“}’Ga[, q=QS+6q1’
r=r,+er p=p,tep;, ¢=¢,+cd,, 0=0,+eb,
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where e=g/V, and §,, a4, g,, etc., are the respective steady-
state values. The bound imposed upon # and the effective
values of ¢ and r are small enough to have tanf =0, g/p<1,
r/p<1, and g8 and r8 negligible as compared to p. Then it can
be seen that ¢, =p,¢ for ¢,(0)=0 (see next subsection). Ac-
cordingly,

%, =Ax; +h(1) 3)

where x; = (8, @/, ;. 71, P;) T,

Vs Ps 0 -1 0 7
o 2B 1 0 —Bs
A=| —myp, m, m, m,+i,p, —myBs+i,r
ng ng—Iizp; n, np,—isq
L s 0 l,—irs 1 —iqg ! i

h(t) =cosb, [sinp,t, cosp,t,m, cosp,t,0,0] 7
= [sinpgt, cosp,t,m, cosp,t,0,017

This system admits a periodic solution of the form x,; =x; sin
pst+x; cos pgt, where the components 87, aj,..., and 3/,
af,... of x; and x/, respectively, are defined by the following
set of 10 algebraic equations:

Ax]+pdx}= —cos8,[1,0,0,0,0} "=~ [1,0,0,0,0} T
—-p x|+ Ax]=—cosb,[0,1,m,,0,0]1 T=~[0,1,m4,0,0] T

where I stands for the fifth-order unit matrix. Let 51’, Qlyeens
37, af,... be the solution, and denote AB=e(B/+
B72) %, Aa= (a7 +@&;?) ”,.... Then, if 8,, a,, q,, r, are the
highest allowable absolute values of the corresponding
variables, defined by considerations of aerodynamics
(stalling) or inertia (loading of the structure or the crew), we

shall require that

|63| = |60—A,8|=65“m,|0(x| = |aa—A0([ =a51im

and so on, in addition to the obvious limitation imposed upon
8,. The importance of the effect of the gravity terms critically
depends upon the level of the highest admissible values, as
illustrated in the numerical example in the following section.

Maneuver Time Limitation

It has been shown® that the weight effect is essential as
regards the angular attitude of the airplane and the flight path
angle. Because of the gravity effect, the flight path can only
be maintained (approximately) level by using a certain
oscillatory control input in nonresonant situations and cannot
be enforced near resonance. The model of steady rolling has
been considered in Ref. 6. Even this ideal maneuver is ex-
ponentially (though slightly) unstable with respect to attitude
when control is performed with realistic accuracy. As will be
shown, constant-control maneuver is always divergent as
regards attitude: weight effect induces a rather heavy attitude
divergence, which is described by the presence in the ex-
pression of €6, of a secular term induced by the gravity terms
in the equations. With the constant rolling constraint, secular
terms can be avoided®® by suitable choosing the control
functions, which is not the case of constant controls. If
control is chosen in accordance with the procedure presented
in the preceding section (which insures safe bounds on in-
cidence, sideslip, and angular velocities), the maneuver time is
limited by attitude divergence only. An estimate of the
allowable limit on the duration of the maneuver is given in the
following.

Yaw and pitch rates are small as a rule. Their order of
magnitude actually can be assumed equal to O(e). Denote
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ds=gq,/¢, Fy=r/e. Then, according to Egs. (1f) and (1g), we
have

d}s +€(b1 =ps+e[pl + (qs+ql)0s Sin¢s+ (fs+r1)0S COS(;{)S]
0,+eb,=c[(g;+q;) cosp,— (F,+r,) sing,]
where ¢, =p,1 for ¢,(0)=0, 6, =6,(0) =const, and

0, =0,(0)+ [(qgf—r])/21t+[—F;+(qi—r[)/4]/pD;
+ { g sinpt+ 7 cospst—[(g;—r))/4]cos2pgt
+ [ (g7+ri)/4]sin2pst}/p; 4@

As is seen, 6 contains the secular term ef(g;—r;) /2. Per-
missible maneuver time may be inferred from relation (4) for
small p, values. Let 8, be the allowable upper limit on 1.
Then the maximum allowable maneuver time #z,;, can be
estimated [e.g., graphically; see Fig. 4, 1) according to
formula (4) for p,=0.5 rad/s, and 2) as obtained by
numerical integration of Egs. (1) for 6, = —2.37 deg, §,=0,
and zero initial conditions; permissible maneuver time is
estimated for 6,=20 deg] from 16, +¢0,(7zy) 1<8,. The
time history of 6, as obtained from relation (4) for p,=0.5
rad/s and by numerical integration of Eqs. (1) for the
corresponding values of the control inputs (8, = —2.37 deg,
8, =0), and zero initial conditions are compared in Fig. 4. For
6,=20 deg, the permissible maneuver time is equal to 9.8 s
according to Eq. (4) and to 10.8 s from the simulated time
history of 4.

Time, sec
0 2 4 6 8 10
0 x | T I ]
g 1 o o
- =10 - % g
()
- 2
-20
Fig.4 Permissible maneuver time estimate .
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Fig.5 The secondary branch of the solution in é,,of Eqgs. (2).
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Fig. 6 Steady-state sideslip angle vs target constant rate of roll as
compared to its limit.
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Fig. 7 Achievable steady-state values of roll rate and corresponding
constant aileron inputs beloriging to the main solution of Eqs. (2).

Numerical Example from Appendix A Data
1) Computations are illustrative and carried out only for
one flight régime (M=0.9, altitude=20,000 ft) and three
elevator angles (-2, 0, and 2 deg).
2) Roll rate values ranging from zero to 400 deg/s have
been considered.
~3) One of the two branches (referred to as secondary) of
roots in §, of Eq. (2b) plotted against p, in Fig. S results
practically independent of 8,. It is situated outside the range

Table1 Maxima of corrections AS

80, deg -2 0 2
AB, deg 3.32 3.53 3.67
10048/8,, %
For n, = 1.0 32.7 34.8 36.1
For ny, =0.5 65.5 69.6 72.2
Resulting? -Apsl_m , deg/s
Forn, ~1 0 1 1 3
Forn —0 5 2.5 45 35

3See Fig. 6, where curves 1-3 represent the resulting steady-state values, and 5-7
for n, =1 and 9-11 for n, =0.5 represent the limits allowing for gravity
effects‘of B, for the elevator angle equal to —2, 0, 2 deg, respectively; lines 4
and 8 mdlcate the maximum allowable absolute value of 8 for ny equal tol
and 0.5, respectively.

CONSTANT-CONTROL ROLLING MANEUVER 317

801[,,,:110
10 10° ;
Al A
75° e sl 8
65° Be=2 ol o
o at Ak
@ Vi =
5 D g
S Bida ola
™| o~E 3| D
© o) ==
T | [T
flg llg
4 4
0 i |
0 50 100 150
—Ps. deg/sec

Fig. 8 Admissible roll rates in the range up to 150 deg/s vs the
corresponding aileron inputs, allowing for gravity effect.

of the airplane’s aileron angles, except for 169 <p,<172. In
this interval, however, ,p,>0. In fact, the product ,p, is
positive for all p, values up to about 300 deg/s. Moreover, the
roots on this branch are, for the most part, too large to have
any significance. Thus the absolute values of the negative §,
roots (for p, >300 deg/s) exceed 10%. Hence only the main
branch will be used in calculations.

4) The highest permissible absolute values of 3, and «
have been taken as follows: B,= —en, /yﬁ, o, =min (0. 9
QAqally ~ €M /2,4). The maxima of the correctlons AB, allowing
for the gravnty terms, resulted as shown in Table 1.

S} No constant aileron deflection can induce steady rolling
with velocities ranging from 160 to 288 deg/s for 6, = — 2 deg,
from 150 to 290 deg/s for §, =0, and from 143 to 310 deg/s
foré, =2deg. Forn, =1, the allowable limit value 18, —AB!
of B, is not exceeded for p, less than 160, 150, and 143,
respectively. For n, =0.5, 13,1 > 18, —AB! for p; =92 deg/s
when é, =0, and for ps =83 deg/s when 6, =2 deg (see Fig. 6)
For the upper range of the steady-state roll rate values, g3,

q,, and r, do not exceed their admissible limits. The following
critical ranges of the constant 8, values result: for n, =1.0,
from 13 to 26.6 deg for 6, = -2 deg, from 11.04 to 25 deg for
6,=0, and from 10 to 26 deg for §,=2 deg; for n, =0.5,
from 13 to 26.6 deg for 6, = —2 deg, from 7.4 to 25 deg for

6,=0, and from 6.7 to 26 deg for 6, =2 deg.

6) Conclusions are summarized in Figs. 7 and 8. Diagrams
such as in Fig. 7, with its curves restricted according to point 4
(Ix; t=lx;, —Ax;|, Ax; due to weight effect), are the only
ones to be calculated and plotted in applications.

Appendix A: Characteristics of the Example
Airplane and Flight Conditions®*
The airplane and flight condition considered in Refs. 3 and

6 are considered, with elevator deflection angles equal to -2,
0, and 2 deg. Other data are as follows:

Altitude = 20,000 ft
i;=0.716

Mach number =0.9
i, =0.727, i,=0.949,

yg=—0.1965"", z,=—1329s7", z, =—0.1685""

m,=-—2318s"% ng=5670s"% [;=-9.990s >
m,=—0.814s""  n,=0.0 1,=0.1075"
m o=—0254s""  n,=-0235s"" 1,=0.1265"
my=—0173s"'  n,=0.002s"' I,=—-3.933s"

m;, = —28.18s 2 ns, = —0.92]s 2 [5” = 458352
Domain of Attraction Estimate:
An Illustration

Denote the coordinates of a singular point of system
(la-le) with e=0 by B, «,, g, r,, p, and x,;=5-0,,

Appendix B:
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X, =a—0,, X=g—qs, Xy=r—rs, Xs=p—p,. Then the first
five equations of system (1), with the gravity terms canceled,
become

X=Ax+k(x) (B1)

where matrix A is as in Eq. (3), and the vector function k(x)
of the nonlinear terms is

[X5Xs5, =X X5, —M X X5 +IX,X5, —I3X3X5, —i;X3%,] T

Stability is inferred from the variational system Xx=Ax, and
the domain of attraction of system (B1) is the set of all initial
points x, of solutions that eventually approach the origin.

Let V(x) be a Lyapunov function for system (B1). A region
defined by the inequality V(x) <c=const is an estimate of
the complete domain of attraction if © along the integral
curves of Eq. (B1) is less than zero within this region. The
estimate is better the higher the level ¢. [ The region defined by
the surface V(x) =c tangent to the ¥ =0 surface, and which
does not intersect it, provides the best estimate for a given
Lyapunov function V.1

We shall use a Lyapunov function associated with the linear
system x=Ax. It will, as usual, be determined as a quadratic
form V=EL;v;xx;, with v;=v; from the equation
ATV +VA=D, where V is the matrix of the quadratic form
Y, and D is a given negative definite symmetrical matrix. We
choose D=diag(ys, 24, 7, n,, [,). Only those singular
points will be considered for which all eigenvalues of V are
positive (the stable singular points).

We now shall delimit a region in the x space defined by
the inequality V(x)=c¢, where ’V(B,) <0. We have
Vs =x"Dx+e(x), where e(x) is a cubic form, say,
e(x) =L x=7 eX;X;X;. Write e, as a sum of terms of the
form x;x;L,_7e;X;. The combinations (i) are obviously
not unique. For definiteness, let us select (1,5), (2,5), (3,5),
(4,5), and (3,4) as (i,j). The set of the five inequalities

I Feyuxi | /2(1—p) (d;dyy) * <1 (B2)

with p some small positive constant, say 1073, provides a
sufficient condition for ’(?(B,) <0. Compute the maximum
value of ¢ for which each of the five inequalities (B2) holds on
the surface V=c. Maximum on V=c of the left side of each
inequality (B2) shall be calculated first. The problem is solved
by the method of multipliers. Denote the algebraic value of
the first member of an inequality (B2) by f(x), and let A be a
scalar. Then, solving the system of equations in x and \ viz.
Af/9x+N0V/3x=0, V(x) =c yields the maximum on V=c of
/. Now fis linear, f=>bTx, and the system can be written as
b+2\Vx=0, xTVx=c. From the first equation, we have
x=—(1/2\)¥~!b, and,. accordingly, since ¥ is sym-
metric, the second becomes (1/4\?) b7V ~! b=c, whence
%’)\=d:C‘”Z (bTV—lb) —1/2’ x=4=c”2 (bTV—Ib) —1/2
V-!b, and f(x) = Fc!?(bTV ~1b) /2, The sign is plus, since
we are seeking the maximum. From obvious symmetry
considerations, it readily results that the maximum value of
If(x)| on the surface x” Vx=c is again c//2(bTV-1b) /2.
Hence inequality c¢< (bTV~!'b) -/ makes sure that this
maximum is less than 1. Furthermore ¢ is estimated in the
same way for all inequlities (B2). Let ¢ be the least estimate.
Now, if

V(xy) <€ (B3)

then x, lies in the domain of attraction of the origin, and that
means that the singular point (8,,a;,q,,r;,p,) is an effective
attractor.

Analysis is performed for aileron angles of 1.0, 1.2, 1.4,
1.6, 1.8, 2.0 deg for our numerical example. Only the stable
singular points with negative p, are selected, and the con-
clusions are summarized in Table 2.

J. GUIDANCE AND CONTROL

Table2 Conclusions of analysis

Does
inequality
g, Ps» (B3)
deg deg/s ¢ V(xp) hold?
1.00 —0.121x10% 0.329 0.791 x10 ! Yes
—0.266x10% 0.130x10~! 0.114%x10* No
1.20  -0.145x10% 0.332 0.115 Yes
—0.266x10% 0.146x10-! 0.108x 104 No
1.40 —0.169x102 0.335 0.158 Yes
-0.266x10° 0.162x10~! 0.104x 104 No
1.6  —0.193x102 0.338 0.209x 103 Yes
~0.266x 103 0.178x10~! 0.997x 103 No
1.8 —0.217%x10% 0.342 0.268 Yes
—0.266%x10% 0.199x10~! 0.955x 103 No
2.0 —0.242x10% 0.345 0.336 Yes
-0.266x103 0.219x10~! 0.921x103 No

It is noteworthy that condition (B3) is sufficient without,
however, being necessary. Hence it is conclusive only if one of
the stable singular points fulfills it. Conversely, there might
exist an effective attractor, or there might not if no singular
point satisfies condition (B3). For this reason, the particular
Lyapunoyv function or the criterion (B2) chosen previously no
longer works satisfactorily for higher values of §,. A more
suitable Lyapunov function should be constructed for larger
aileron deflections, which would take account of the
nonlinear terms of the system. As already mentioned, this
would greatly enhance efficiency of the analysis. Un-
fortunately, however, this would hardly be an easy task. For
there, too, as in most problems of practical interest, ‘‘the
choice of an appropriate Lyapunov function is an art”’!® or
simply a matter of good luck.
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